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theorem 



The abelization theorem in classical mechanics 
, states that one may locally abelize first-class con- 
straints, i.e. make them commute among themselves 
• by using some in vertib.Ie matrix, depending on phase 
variables. The fact that one may abelize first-class 
constraints only locally means that in quantum me- 
chanics this theorem may be generally valid only in 
i the framework of perturbation theory. In this paper 
we shall give a formulation of the theorem in the 
BRST approach in a manner which is slightly differ- 
ent from the usual one and is more suitable to study 
the physical subspace, and then we shall prove the 
theorem in the framework of perturbation theory. 

So, let us have a quantum nilpotent BRST operator 
(?, which may be represented in the following form: 



(1) 



Here g is the coupling constant of the theory in ques- 
tion, and the operator Q 0 has the form 



(2) 



Go = I {cfar+c-a?). 

The operators c ± , c ± y a±, d ± J are unphysica! ones 
and have the following commutation and conjuga- 
tion relations: 

[c-,c + ] + = [c-,c+] + 

= [a-,a + ] + =[a-,a + ] + = l , 



(3) 
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(3 cont'd) 



The operator Q 0 is in fact the BRST operator of the 
linearized theory. As was shown in ref. [ I ] a BRST 
operator of any linearized theory in the hamiltonian 
BRST approach (2] may be reduced to the form (2). 
The operators Q u Q n% ... depend on unphysica! op- 
erators and on physical ones as well. 

Now, the abelization theorem states that there ex- 
ists some unitary operator U such that the following 
equality is valid: 



U + QU=Q 0 . 



(4) 



To prove the theorem we will need an important 
statement concerning the cohomology of the opera- 
tor Q 0 . Namely, let an arbitrary operator f 
(anti)commule with the operator Q 0 . Then, the op- 
erator/ may be represented in the following form (see, 
for example, ref. f 3) ): 



MU + [Go,*] : 



(5) 



where f ph depends only on the physical operators 

Now we may prove the abelization theorem. To do 
that we will use a somewhat unusual form of the un- 
itary operator U. We represent this operator as 
follows: 



U- 



(6) 



By using this theorem the existence of a quantum nilpotent 
BRST operator of the form ( 1 ) is not difficult to prove in the 
hamiltonian BRST approach. 
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where K is some hermitian operator. 

Such a form of U is not suitable for practical appli- 
cations but it simplifies the proof of the theorem, be- 
cause in this case eq. (4) is quadratic with respect to 
the operator K: 



Q-Qo + K(Q-Q 0 )K-i{K,Q-Q Q ] 
= 2i[tf,0„] . 



(7) 



Let us represent the operator A' as a pcrturbative se- 
ries in the coupling constant g: 

K=gK l +{g 2 K 2 +...+ + (8) 

and rewrite eq. (7) in arbitrary order in g: 
2i [*,„&>]=&, 

n — I m — 1 jjj 

+ ,L L 0'-'»y.O"-iy.ii K '-" ,Q "- lK ' 

-Cll(d^ [A -- a »i- (9) 

We shall prove the existence of a solution of eq. 
(9) by means ol complete induction. If /i=l, then 
eq. (9) has the form 



2i[K I ,Go] = Q, . 



(10) 



The operator Q x anticommutes with the operator Q 0 
due to the nilpolency of the BRST operator Q and, 
so, may be represented in the form Q { = [Q 0y x] (be- 
cause there is no physical part of the operator Q { ). 
Thus, eq. (10) has a solution. Let us suggest that eq. 
(9) has solutions up to some order// — A'— LTo prove 
the existence of a solution in the order n — N we should 
show that the right-hand side of eq. (9) anticom- 
mutes with the free BRST operator Q 0 . This may be 
done by direct inspection taking into account the nil- 
potency of the BRST operator Q. 

So we see thai the abclizalion theorem is a simple 
consequence of the nilpolency of the BRST operator 
and the triviality of the free BRST operator 
cohomology. 

Finally, let us briefly discuss the action of the uni- 
tary operator U on the effective hamiltonian //: 



(ii) 



It is obvious that the transformed hamiltonian //' 
commutes with the free BRST operator Q ih and so it 



may be represented in the following form due to the 
BRST cohomology theorem: 



//^//ph + lGu.tPJ. 



(12) 



The hamiltonian // ph depends only on the physical 
variables and in fact coincides with the effective 
hamiltonian in some unitary gauge. This unitary 
gauge is defined by the unphysical operators a ± ) d ± . 
For example in the Lorentz gauge the usual choice of 
the operators a 1 , d ± corresponds to the Coulomb 
gauge. Due to eq. (12) any matrix element of the 
evolution operator with the hamiltonian // is equal 
to the corresponding matrix element of the evolution 
operator with the hamiltonian // ph . Finally, let us no- 
tice that two arbitrary unitary gauges may be related 
to each other by some canonical transformation. Thus 
we have shown the equivalence between relativistic, 
unitary and temporal-like gauges (see ref. [4] about 
the BRST quantization of constrained systems in 
temporal-like gauges). 

Now let us consider some simple examples of the 
application of the abelizalion theorem. Firstly, it is 
not difficult to see that any physical vector satisfying 
the condition (2|y/>=0 may be represented as 
follows: 



m=t 7 iv> P h+<?ix> 



(13) 



where the vector | */ / > ph depends only on the physical 
variables. Due to such a decomposition any physical 
vector has a positive norm which is equal to the norm 
of the vector | ^p,,. 

As the next example let us consider a BRST oper- 
ator having the following form: 



e= Y.c?(a--f l ) + h.c. 



(14) 



Here / are arbitrary mutually commuting operators 
depending only on the physical variables. For exam- 
ple, the BRST operator of quantum electrodynamics 
has such a form. In this case the unitary operator U 
is equal to 



(15) 



Although the physical subspace corresponding to the 
operator (14) has a perturbative structure, the eigen- 
values of the hamiltonian //' may have a nonpertur- 
baiivc dependence on the coupling constant as for ex- 
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ample is the case in the Schwinger model (see rcf. 
[ 5 ] , where the Schwinger model was solved using the 
fermionic Fock space without bosonization ). 

I am grateful to A. A. Slavnov for valuable 
discussions. 
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